Résumé. We solve the ∂∂-problem for the differential forms of class C ∞ with boundary value in currents sense defined on a contractible completely strictly pseudoconvex domain of a complex manifold.
Introduction
Let M be a differentiable manifold and Ω ⊂ M be a domain. In this work, we try to solve the ∂∂-equation for the differential forms of class C ∞ with boundary value in currents sense. We follow the same steps of resolution of [7] where the same problem has been solved for open sets of C n . The convex part of [7] can be seen as the local analogues of the convex part of this work. For the concave part, inspired by lemma 4.3 of [9] and the concave case of [7] , we obtain the local results also. It is known that we do go through recollement from local results to global results, the partition of the unit not being holomorphic. We will move from local to global by using the classic sheaves theory. The result obtained in this direction is the following :
Theorem 0.1. Let M be a complex analytic manifold of dimension n and Ω ⊂⊂ M a contractible domain that is completely strictly pseudoconvex with smooth boundary of class C ∞ . We Suppose that H j (bΩ) is trivial for 1 ≤ j ≤ 2n − 2. Then the equation ∂∂u = f , where f is a (p, q)-form of class C ∞ , d-closed with boundary value in currents sense for 1 ≤ p ≤ n − 1 and 1 ≤ q ≤ n − 1 admits a solution u which is a (p − 1, q − 1)-form of class C ∞ with boundary value in currents sense.
We also consider the concave version of the previous theorem and we obtain :
Theorem 0.2. Let M be a complex analytic manifold of dimension n and D ⊂⊂ M a contractible domain that is completely strictly pseudoconvex with smooth boundary of class C ∞ . We Suppose that M is a (n − 1)-convex extension of D and it is also a contractible extension of D with H j (bΩ) is trivial for 1 ≤ j ≤ 2n − 2. Let Ω = M \D. If
• Ω= Ω and f is a (p, q)-form of class C ∞ , d-closed with boundary value in currents sense on Ω for 1 ≤ p ≤ n − 1 and 1 ≤ q ≤ n − 1, then there exists a (p − 1, q − 1)-form u of class C ∞ with boundary value in currents sense on Ω such that ∂∂u = f .
Preliminaries
Definition 1.1. (voir [2] ) Let X be a differentiable manifold and Ω ⊂⊂ X be a contractible domain. We say that X is an contractible extension of Ω, if there is an exhaustive sequence (Ω n ) n∈N of contractibles domains such as ∀ n ∈ N, Ω ⊂⊂ Ω n ⊂⊂ X. Example 1.1. When X = C n , then C n is a contractible extension of the unit ball B. Definition 1.2. Let X be a complex analytic manifold of dimension n.
(1) A function ρ of class C ∞ on X is called n-convex (respectively nconcave) if its form of Levi admits n eigenvalues strictly positives (respectively strictly negatives).
(2) Let Ω ⊂⊂ X be a relatively compact domain of X. Ω is said to be completely strictly pseudoconvex if there is a function n-convex ϕ defined in a neighborhood UΩ of Ω such as Ω = {z ∈ UΩ | ϕ(z) < 0}.
(i) Ω meets all the connected components of X.
(ii) There exists an n-concave function ϕ defined on a neighborhood U of X \ Ω such that Ω ∩ U = {z ∈ U | ϕ(z) < 0} and for any real α with 0 < α < sup z∈U ϕ(z) the set {z ∈ U | 0 ≤ ϕ(z) ≤ α} is compact. Definition 1.3. Let M be a differentiable manifold and Ω ⊂⊂ X be a smooth domain with boundary of class C ∞ of defining function ρ. Let Ω ε = {z ∈ Ω | ρ(z) < −ε} and bΩ ε the boundary of Ω ε . Let f be a function of class C ∞ on Ω. It is said that f has a boundary value in distributions sense, if there is a distribution T defined on the boundary bΩ of Ω such that for any function ϕ ∈ C ∞ (bΩ), we have :
where ϕ ε = i * εφ withφ an extension of ϕ to Ω and i ε : bΩ ε → bΩ the injection canonical ; dσ denotes the element of volume. A differential form of class C ∞ on Ω admits a boundary value in currents sense if its coefficients have a boundary value in distributions sense. Definition 1.4. We say that a function f of class C ∞ defined on Ω is of polynomial growth of order N ≥ 0, if there is a constant C such that for all z ∈ Ω, we have :
where d(z) is the distance from z to the boundary of Ω. Let Ω ⊂ M be a domain in a differentiable manifold M . The current T defined on Ω is said to be extensible if T is the restriction to Ω of a currentT defined on M .
It is known from [3] that if
• Ω= Ω, then the extensible currents are the topological duals of the differential forms with compact support inΩ.
We will have in all the following to consider the domains Ω verifying
Let Ω be a domain in a complex analytic manifold M of dimension n. We denote by O Ω the sheaf of holomorphic functions on Ω,Ǒ Ω the one onΩ of germs of holomorphic functions on Ω with boundary value in distributions sense and F 0,r (Ω) the one onΩ of the (0, r)-forms with boundary value in currents sense. We noticeȞ r (Ω) the r th De Rham cohomology group of extensible currents defined on Ω, H r (Ω) the r th De Rham cohomology group of differentiable forms of class C ∞ defined on Ω and H r (bΩ) the r th De Rham cohomology group of differentiable forms of class C ∞ defined on bΩ. The r th group of De Rham cohomology of differentiable forms of class C ∞ with boundary value in currents sense on Ω is notedH r (Ω). We denote by H r (Ω, O Ω ) (respectively H r (Ω,Ǒ Ω )) the r thČ ech cohomology group of differentiable forms defined on Ω with value in the sheaf O Ω (respectivelyǑ Ω ).
2.
Solving the equation du = f Theorem 2.1. Let M be a differentiable manifold of dimension n and Ω ⊂⊂ M be a relatively compact domain with smooth boundary of class C ∞ . We suppose that Ω is contractible and H j (bΩ) is trivial for 1 ≤ j ≤ n − 2. Then the equation du = f where f is a r-form of class C ∞ defined on Ω with boundary value in currents sense and d-closed admits a solution u which is a (r − 1)-form of class C ∞ defined on Ω with boundary value in currents sense for 1 ≤ r ≤ n − 1.
Proof. According to [5] if f is a d-closed differential form with boundary value in currents sense on Ω then [f ] is a extensible current. SinceΩ is compact, the current [f ] is of finite order. According to [1] ,Ȟ r (Ω) = 0, there exists an extensible current S defined on Ω such that dS = f . LetS be an extension with compact support inΩ of S. according to ([4] page 40)
and (RS + AdS) |Ω is another solution of du = f on Ω and it is an extensible current. RS is an differential form of class C ∞ on Ω and A does not increase the singular support of dS. Since dS |Ω = f which is of class C ∞ then AdS |Ω is of class C ∞ . Thus (RS + AdS) |Ω is of class C ∞ . It remains to show that (RS + AdS) |Ω admits a boundary value in currents sense. RS is an differential form of class C ∞ therefore admits a boundary value in currents sense. Let (ϕ j ) j∈J be a partition of the unit subordinated to a finite recovery (U j ) j∈J ofΩ by the open set of local coordinates. We have AdS = j∈J Aϕ j dS with Aϕ j dS have compact support in U j .
If U j ⊂ Ω, then Aϕ j dS is of class C ∞ with compact support in Ω, so (Aϕ j dS) |Ω admits a boundary value in currents sense. If U j Ω and U j ∩ bΩ = ∅ ; let us show that Aϕ j dS admits a boundary value in currents sense. Since ϕ j is with support in U j which is an open set of coordinate, so we are reduced to a bounded domain of R n . Aϕ j dS is of the same nature than the action of the newton kernel E(x, y) on ϕ j dS. Since dS is order l with compact support inΩ which prolongs f , thus according to [7] , Aϕ j dS admits a boundary value in currents sense. Since Card(J) < ∞, so j∈J (Aϕ j dS) |Ω admits a boundary value in currents sense. Thus we haveH r (Ω) = 0.
Solving ∂∂ for a differential forms with boundary value in currents sense
As consequences of Theorem 4.1 of [7] , we have the following corollary :
Corollaire 3.1. Let X be a complex analytic manifold of dimension n and Ω be a completely strictly (n − 1)-convex domain of X. Let f be a differential form of bidegre (0, r) of class C ∞ with boundary value in currents sense, defined on Ω and∂-closed for 1 ≤ r ≤ n − 1. Then there exists a (0, r − 1)-form g of class C ∞ defined on Ω with boundary value in currents sense such that∂g = f .
Proof. Consider the following sequence :
So we have a complex (F 0,• (Ω),∂) of∂ for differential forms defined on Ω with boundary value in currents sense. Thanks to the local solving of∂ in [7] , this complex is an acyclic solving of sheafǑ Ω . This leads to the isomorphism
More generally, if 0 ≤ q ≤ n − 1, we have the following theorem :
Theorem 3.1. Let X be a complex analytic manifold of dimension n and Ω ⊂⊂ X be a domain with smooth boundary of class C ∞ and completely strictly q-convex for 0 ≤ q ≤ n − 1. Let f be a (n, r)-form of class C ∞ , defined on Ω and∂-closed with boundary value in currents sense for 1 ≤ n − q ≤ r ≤ n. Then there exists a (n, r − 1)-form g of class C ∞ defined on Ω with boundary value in currents sense such as∂g = f .
Proof. Since we consider the (n, r)-forms then the operator∂ is equal to the exterior differentiation operator d. Let f ∈H n,r (Ω), [f ] is a extensible current defined on Ω. Since According to [8] we haveȞ n,r (Ω) = 0 for n − q ≤ r ≤ n then there exists a (n, r − 1)-extensible current u defined on Ω such that du = f . Let S be an extension of u with compact support inΩ. S is of finite order, F = dS is a extensible current of finite order noted m and F |Ω = f . According to ([4] page 40), we have
If U j ⊂ Ω, then Aϕ j F is of class C ∞ with compact support in Ω, so (Aϕ j F ) |Ω admits a boundary value in currents sense. If U j Ω and U j ∩ bΩ = ∅ ; let us show that Aϕ j F admits a boundary value in currents sense. Since ϕ j is with support in U j which is an open set of coordinate, so we are reduced to a bounded domain of C n . Aϕ j F is of the same nature than the action of the newton kernel E(x, y) on ϕ j F . Since F is order m with compact support inΩ which prolongs f , thus according to Theorem 2.1, Aϕ j F admits a boundary value in currents sense. Since Card(J) < ∞, so j∈J (Aϕ j F ) |Ω admits a boundary value in currents sense. Thus we haveH n,r (Ω) = 0.
Taking into account Theorem 2.1 and the results of the∂ for differential forms of class C ∞ with boundary value in currents sense in Corollary 3.1, the proof of Theorem 0.1 can be made :
Proof (theoreme 0.1). Let f be a (p, q)-form of class C ∞ , d-closed with boundary value in currents sense and defined on Ω for 1 ≤ p + q ≤ 2n − 1. Then according to Theorem 2.1, there exists a (p + q − 1)-form g of class C ∞ with boundary value in currents sense such that dg = f . We do not lose in general considering that g is broken down into a (p − 1, q)-form g 1 of class C ∞ with boundary value in currents sense and in a (p, q−1)-form g 2 of class C ∞ with boundary value in currents sense.
We have dg = d(g 1 + g 2 ) = dg 1 + dg 2 = f . Like d = ∂ +∂, we have for reasons of bidegre ∂g 2 = 0 and∂g 1 = 0. According to Corollary 3.1, we have g 1 =∂h 1 and g 2 = ∂h 2 where h 1 and h 2 are a differential forms of class C ∞ with boundary value in currents sense defined on Ω. We have f = ∂g 1 +∂g 2 = ∂∂h 1 +∂∂h 2 Now ∂∂ = −∂∂
Let u = h 1 − h 2 , u is a (p − 1, q − 1)-form of class C ∞ with boundary value in currents sense defined on Ω such that ∂∂u = f .
Better, taking into account Theorem 3.1, we obtain the following result : Theorem 3.2. Let M be a complex analytic manifold of dimension n and Ω ⊂⊂ M be a contractible domain with smooth boundary of class C ∞ . Suppose that Ω is completely strictly q-convex for 0 ≤ q ≤ n − 1 and H j (bΩ) is trivial for 1 ≤ j ≤ 2n − 2. Then the equation ∂∂u = f , where f is a (n, r)-form of class C ∞ , d-closed with boundary value in currents sense for n − q + 1 ≤ r ≤ n − 1 admits an solution u which is a (n − 1, r − 1)-form of class C ∞ with boundary value in currents sense.
Proof. Let f be a (n, r)-form of class C ∞ , d-closed with boundary value in currents sense defined on Ω. So According to the theorem 2.1, there exists a (n + r − 1)-form g of class C ∞ with boundary value in currents sense such that dg = f . We do not lose in general considering that g is broken down into a (n−1, r)-form g 1 of class C ∞ with boundary value in currents sense and in a (n, r−1)-form g 2 of class C ∞ with boundary value in currents sense.
we have for reasons of bidegre ∂g 2 = 0 and∂g 1 = 0. According to Theorem 3.1, we have g 1 =∂h 1 and g 2 = ∂h 2 where h 1 and h 2 are a differential forms class C ∞ with boundary value in currents sense defined on Ω. We have f = ∂g 1 +∂g 2 = ∂∂h 1 +∂∂h 2 Now ∂∂ = −∂∂
Let u = h 1 − h 2 , u is a (n − 1, r − 1)-form of class C ∞ with boundary value in currents sense defined on Ω such that ∂∂u = f .
4.
Solving ∂∂ for a differential forms with boundary value in currents sense in M \D where D is a contractible completely strictly pseudoconvex domain
Let Ω be a domain of a differentiable manifold M of dimension n. In this part, it's about giving the analogous of theorem 0.1 for Ω = M \D, where D ⊂⊂ M is a contractible completely strictly pseudoconvex domain and verifying H j (bD) trivial for 1 ≤ j ≤ n − 2. For this, started by giving the following results : As a consequence of this theorem, we have the following corollary :
Corollaire 4.1. Let X be a Stein manifold of dimension n. Let Ω ⊂ X such as X is an extension (n − 1)-concave of Ω. Let f be a differential form of bidegre (0, r) on Ω and∂-closed with boundary value in currents sense for 1 ≤ r ≤ n − 2. There is a (0, r − 1)-form g defined on Ω with boundary value in currents sense such as∂g = f .
Since Ω is concave, we haveǑ
Consider the following sequence :
According to Theorem 4.1, we know how to solve locally the∂ for a differential forms with boundary value in currents sense on Ω. So the sequence 4.2 is exact, and since the sheaf F 0,r (Ω) is fine as a sheaf of modules on a sheaf of rings of class C ∞ , then the differential complex (F 0,• (Ω),∂) of the differential forms defined on Ω with boundary value in currents sense is an acyclic resolution of the sheafǑ Ω . By hence for 0 ≤ r ≤ n − 2, we have the following functorial isomorphism :
where E 0,r (Ω) := Γ(Ω, F 0,r (Ω)) are a sections on Ω of the sheaf F 0,r . So H r (Ω, O Ω ) ≃H 0,r (Ω). According to the isomorphism of Dolbeault, we have H r (Ω, O Ω ) = H 0,r (Ω). Since X is an extension (n − 1)-concave of Ω, we have by invariance of the cohomology :
By taking inspiration from the proof of corollary 4.1, we obtain in the following theorem the global analogous of an result obtained in [7] . Since Ω is concave, we haveǑ
According to Theorem 4.1, we know how to solve locally the∂ for differential forms with boundary value in currents sense on Ω. So the sequence 4.3 is exact, and since the sheaf F 0,r (Ω) is fine as a sheaf of modules on a sheaf of rings of class C ∞ , then the differential complex (F 0,• (Ω),∂) of the differential forms defined on Ω with boundary value in currents sense is an acyclic resolution of the sheafǑ Ω . By hence for 0 ≤ r ≤ n−2, we have the following functorial isomorphism :
According to the isomorphism of Dolbeault, we have H r (Ω, O Ω ) = H 0,r (Ω). Since M is an extension (n − 1)-concave of Ω, we have by invariance of cohomology :
More generally, if 0 < q < n − 1, we have the following theorem : Theorem 4.3. Let M be a complex analytic manifold of dimension n and D ⊂⊂ M a completely strictly pseudoconvex domain with smooth boundary such as M is an extension q-convex of D for q ≥ n+1 2 . Let's ask Ω = M \D. Let f be a differential form of bidegre (0, r) defined on Ω of class C ∞ ,∂-closed with boundary value in currents sense for 1 ≤ n − q ≤ r ≤ q − 1. There exists a (0, r − 1)-differential form g defined on Ω of class C ∞ with boundary value in currents sense such that∂g = f .
According to Theorem 4.1, we know how to solve locally the problem of∂ for differential forms with boundary value in currents sense on Ω. So the sequence 4.4 is exact, and since the sheaf F 0,r (Ω) is fine as a sheaf of modules on a sheaf of rings of class C ∞ , then the differential complex (F 0,• (Ω),∂) of the differential forms defined on Ω with boundary value in currents sense is an acyclic resolution of the sheafǑ Ω . By hence for 0 ≤ r ≤ n − 2, we have the following functorial isomorphism :
According to the isomorphism of Dolbeault, we have H r (Ω, O Ω ) = H 0,r (Ω). Since M is an extension q-concave of Ω, we have by cohomology invariance :
To prove theorem 0.2, we need the following lemma :
Lemma 4.1. Let M be a differentiable manifold of dimension n, D ⊂⊂ M be a ontractible domain with smooth boundary of class C ∞ such that M is an contractible extension of D with
Ω= Ω and f is a r-form of class C ∞ , d-closed with boundary value in currents sense on Ω for 0 ≤ r ≤ n, then there exists a (r − 1)-form g of class C ∞ defined on Ω with boundary value in currents sense such that dg = f .
Proof. Let f be a differential form of class C ∞ , d-closed with boundary value in currents sense on Ω, according to Lemma 4.1 of [7] , [f ] is a extensible current of finite order. According to [2] ,Ȟ r (Ω) = 0 for 1 ≤ r ≤ n − 1. So there exists a (r − 1)-extensible current u defined on Ω such that du = f . Let S be an extension of u on M . Let dS = F , F is an extension of the current [f ] and therefore of finite order m. We have S = RS + AdS + dAS. LetŠ = RS + AdS, RS is an differential form of class C ∞ on M , therefore RS |Ω admits a boundary value in currents sense. Since A does not increase the singular support so AdS |Ω is of class C ∞ and admits as in the proof of Theorem 2.1 a boundary value in currents sense. ThusŠ |Ω admits a boundary value in currents sense and dŠ |Ω = f .
Proof (Theoreme 0.2). Let f be a (p, q)-form of class C ∞ , d-closed with boundary value in currents sense on Ω. According to Lemma 4.1, there exists a (p + q − 1)-form h of class C ∞ with boundary value in currents sense such that dh = f . We have h = h 1 + h 2 where h 1 and h 2 are respectively a (P − 1, q)-form class C ∞ with boundary value in currents sense and a (p, q − 1)-form of class C ∞ with boundary value in currents sense. We have dh = dh 1 + dh 2 = f . Since d = ∂ +∂ and for reasons of bidegre we have ∂h 2 = 0 and∂h 1 = 0. According to Theorem 4.3, h 1 =∂g 1 and h 2 = ∂g 2 where g 1 and g 2 are a differentials forms of class C ∞ with boundary value in currents sense defined on Ω. We have f = ∂h 1 +∂h 2 = ∂∂g 1 +∂∂g 2 = ∂∂(g 1 − g 2 ). Let u = g 1 − g 2 , u is a (p − 1, q − 1)-form of class C ∞ with boundary value in currents sense defined on Ω such that ∂∂u = f .
